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1 Introduction and Main Results 

Let C i?" be a bounded domain whose boundary dfl is assumed to be of Lipschitz type. 
Assume that < q < 1. We consider the following problem. 

xen (1.1) 

X e dn. 

The purpose of this paper is to prove some isoperimetric inequalities and give sharp 
bound for the solution of problem (1.1) by making use of rearrangement method. 

There are a lot of materials on isoperimetric inequalities for eigenvalues and eigenfunc- 
tions of elliptic operators. For the isoperimetric inequalities on eigenvalues of elliptic oper- 
ators we refer to [4, 3, 11, 16, 7, 8, 13, 14, 21, 22, 26, 29] and on eigenfunctions we refer to 
[24, 25, 10, 9, 6, 19, 20]. The first result on isoperimetric inequality for eigenfunctions of 
Laplace operator was obtained by Payne and Rayner in [24] . In 1972, Payne and Rayner 
considered in [24] the following eigenvalue problem defined on bounded domains in 

j -Aip = Xip in il, 

\^ = o ondn, ^ ' 

and prove that for the first eigenvalue Ai(r2) and the first eigenfunction '^i{x) of problem 
(1.2), the following inequality holds 

^i\dA] > [ ifldA, (1.3) 




In J Ai(0) Jn 

with equality if and only if is a disk. 
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Unfortunately, the argument used by Payne and Rayner works only for the case n = 2. 
Kohnler-Jobin [19, 20] and G.Chiti [10] generalized the Payne and Rayner's inequality (1.3) 
to arbitrary dimension n by employing the Schwarz symmetrization method. It is by now 
well known that the Schwarz symmetrization method is very useful for the estimate of sharp 
bound of solutions to elliptic and parabolic equations, and has been extensively studied 
since the pioneer works of Weinberger [30], Talenti [27] and Bandle [5]. See for example 
[28, 23, 1, 2] for more details. The basic idea in the use of the symmetrization method is to 
compare the orignal problem with an auxiliary problem defined on a suitable ball. Let J7* be 
the Schwarz symmetrization of fi, that is is a ball in i?" with center at and such that 
Q* and O have same volume. The auxiliary problem used by Kohnler-Jobin to generalize 
inequality (1.3) can be read as 

f -Aip = aip + 1 in Q*, 

with — oo < a < Ai(f2). 

Whereas, G.Chiti used an auxiliary problem defined on a ball smaller than Q* which can 
be read as 

f -Az = Xz, xe Brio), , . 

\ z = 0, xedBriO), ^ ' 



where r = ^J^^R* and R* is the radius of Q*. 

It follows from the famous Faber-Krahn inequality that r < R*, and hence Br{0) is 
smaller than O*. Furthermore, an easy computation implies that the first eigenvalue of 

problem (1.5) is Ai(r2). 

Compared with the auxiliary problem used by Kohnler-Jobin, the problem used by 
G.Chiti is more natural and extendable for other situations. 

Let <pi{x) be the first eigenfunction of problem (1.2), and zi{x) be the first eigenfunction 
of problem (1.5). If we normalize (pi{x) and zi{x) so that J^ip'l{x)dx = J^^^^-^ Zi{x)dx for 
p > 1, then a celebrate result established by G.Chiti in [10] can be stated as 

Conclusion A. There exists an unique point sq € (0, |Br(0)|) such that 

f zlis) > ^l{s), for s € (0, .so), 

\ zt{s)<ipl{s), forsG(so, \Brm). 

where zl{,s) and (pi{s) arc the decreasing rearrangement of zi(x) and (pi{x) respectively, and 
|i3,.(0)| denotes the volume of i?,.(0). 

By making use of conclusion A, Chiti proved a reverse Holder inequality for the first 
eigenfunction of problem (1.2) which, in turn, is an isoperimetric inequality and more stronger 
than inequality (1.3). It is worth pointing out that a most important application of conclusion 
A can be found in the proof of the famous P.P.W conjecture (see [3]). 

Contrast to the eigenvalue problem, there are few results on the isoperimetric inequalities 
for solutions of semilinear elliptic problem. This is the motivation of our study of the 
isoperimetric inequalities for the solution of problem (1.1). Our method is adapted from G. 
Chiti's paper [10] by carefully choosing the comparison problem. 

To state our results, we introduce the following auxiliary problem 

-Ah = hi, xe n*, 

h>0, xen* (1.6) 

h = 0, xe dn*. 
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where 17* is the Schwarz symmetrization of J7. 

Let cJi = )" and (72 = . 'i^^t'^K-. be fixed. Then our main result can be 

^ n+2—{n—2)q ^ n+2—{n—2)q 

stated as 

Theorem 1.1. Let u{x) be the unique solution of problem (1.1) and h{x) be the unique 
solution of problem (1.6). Then for any k > q + 1, we have 



/ 

Jn 



u\x)dx<C{q,k,n*)\\ur^,+,,^y (1.7) 
Consequentely 

m^u(x)<C(g,Q*)|K^,+i(^), (1.8) 

where C{q,k,n*) = J^, h''{x)dx/\\h\\l\+,^^,^ and Ciq,n*) = maxh{x) /\\h\\ll+,^^,y More- 
over, the equality holds in each of inequalities (1.7) and (1.8) if and only if is a ball. 

By Theorem 1.1 and a Faber-Krahn type inequality proved in section 3 Lemma 3.2, we 

have 

Corollary 1.2. Let u{x) be the unique solution of problem (1.1) and h{x) be the unique 
solution of problem (1.6). Then for any k > q + 1, we have 

/ u''{x)dx< f hl'{x)dx, (1.9) 
Jo, Jo,* 



and 



maxu(x) < max^(x). (1-10) 



Moreover, the equality holds in each of inequalities (1.9) and (1-10) if and only if is a ball. 

Thanks to Corollary 1.2 and an explicit bound of solution of problem (1.6), we have 

Corollary 1.3. Let u{x) be the unique solution of problem (1.1), and a;„ is the volume 
of unit ball in ii". Then 



maxu(x) < 



a;„(2n): 



(l-9)n 

(1.11) 



with equality only if J7 is a ball. 



Remark 1.4. Let u{x) be the unique solution of problem (1.1). If \^\ < Uni'^n)^ , then 
it follows from Corollary 1.3 that u{x) uniformly on when q \~ . It is interest to 
know the asymptotic behavior of u{x) when > a;„(2ra)2 and q — )■ 1~ . It is also interest 
to know the asymptotic behavior of u(x) when g — )• O"*". 

Remark 1.5. All results of this paper can be generalized to p-Laplace equation with 
some modification of our method (see [12]). 

The paper is organized as follows: As preliminary, we give some basic facts about the 
rearrangement of functions in section 2. In section 3, we prove a Chiti type comparison result 
which is essential to the proof of our main results. The proofs of Theorem 1.1, Corollary 1.2 
and Corollary 1.3 are given in section 4. 
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2 Preliminary 



In this section, we recall some basic facts about the rearrangement of functions and the 
existence and uniqueness result of problem (1.1). 

Let be a bounded domain in R^. The Schwartz symmetrization 0,* of is a ball in 
i?" with radius R* and centered at such that = Here, denotes the Lebesgue 
measure of $7. If we denote by a;„ the volume of unit ball in i?", then it is easy to see 



R* = 



1 



Let / : O I— )• be a nonnegative measurable function. For any t > 0. The level set fij 
of / at the level t is defined by 

nt = {xen: f{x) >t}, t> 0. 

The distribution function of / is given by 

Hfit) = \Ut\ = measjx G O : f{x) > t}, t > 0. 

Obviously, is a monotonically decreasing function of t and iif{t) = Ofoit> ess. sup ./, 

while = for t = 0. 

Definition 2.1. Let be a bounded domain in i?", / : Cl t-^ R he a nonnegative 
measurable function. Then the decreasing rearrangement /* of / is a function defined on 
[0, oo) by 



ris) 



ess. sup ./ for s = 

inf{t > 0\nf{t) < s} for s > 0. 



Obviously, /*(s) = for s > |fi|. The increasing rearrangement /* of / is defined by 
f4s) = f*{\n\ - s) for s e (0, +oo). 

Definition 2.2. Let Q he a bounded domain in i?", / : Q t-^ R he a nonnegative 
measurable function. Then the decreasing Schwarz symmetrization /* of / is a function 
defined by 

f*(x) = f*{ujn\x\'^) for X G n*. 

There are many fine properties of rearrangement. Here, we only collect some important 

properties needed in this paper. 

Proposition 2.3. Let / : Q Rhe a nonnegative measurable function. Then, /, /* 
and /* are all equimeasurable and 



f fdx= f r{s)ds = f r{x)dx. 

Jn Jo Jn* 



Moreover, for any Borel measurable function F : R^ R, there holds 

F{f{x))dx = I 

In 



I 

Jn 



F{f{x))dx= r^F{ns))ds= f F{nx))dx. 
Jo Jn* 
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Proposition 2.4. If / : [0, I] R is nonnegative and non-increasing, then f = f* a.e. 
Proposition 2.5. If ^ : R<-^ Ris a non-decreasing function, then 

Hfi = mw, = imr 

for any nonnegative measurable function / : il, i-^ R. 

Proposition 2.6. Let / G LP{n), g G L«(Q) with i + 1 = 1. Then 

ns)g.{s)ds < [ f{x)g{x)dx< r{s)g*{s)ds, 
Jo Jci Jo 

/ f{x)g^{x)dx < / f{x)g{x)dx < / f{x)g*{x)dx. 
Jn* Jn Jn* 

Consequently 

/ f{x)dx < r{s)ds = / r{x)dx. 

Je Jq Je* 

for any measurable set E <zVt. 

Proposition 2.7. If / G then G Hl{Q*) and 

/ \vf?dx > [ ivrpdx 

Ja JBji*{o) 
where Br* (0) = Q,* . Moreover, the equality holds if and only if J7 is a ball. 
The proof of all propositions mentioned above can be found in [18, 17]. 

Proposition 2.8 ([15]). Let M, a, (5 be real numbers such that < a < /3 and M > 0. 

Let f,ghe real functions in ^'^([O, M]). If the decreasing rearrangements of / and g satisfy 
the inequality 

r f*" {t)dt < r g*" {t)dt for s G [0, M], 
Jo Jo 

then 

r-M , fM 



rM I'M 

/ r {t)dt< / g*\t)dt. 
Jo Jo 



The following result may be well known. However, for the reader's convenience, we give 
a proof here. 

Proposition 2.9. Problem (1.1) has an unique solution. 
Proof. Let h{x) be the unique solution of 

J -Ah = 1, X en, 
\ h = 0, xedn. 

Choose Mq so that Mq > Mq max/i^(x), this is possible since < q < 1. 



Let vo{x) = Moh{x), then 



-Avo = -MoAh{x) = Mq> M^maxh'^{x) > v%. 
This implies that vo{x) is sup-solution of problem (1.1). 



Let ifi {x) be the first eigenfunction of the eigenvalue problem 



We choose ifi {x) so that 
Let Vr)Q = r]oifi{x), then 



—Aip = X(p, X G O, 
If = 0, x e dQ. 



<pi{x) > 0, max(pi{x) = 1. 



-Avr^g = -rioAcpi{x) = Xirjo^piix). 
Since < g < 1, we can choose rjQ small enough such that 

Hence f^^,, is a sub-solution of problem (1.1). Choosing rjQ even more smaller, we can assume 
that < vo{x). Then by the sub- and super- solution method, we know that problem (1.1) 
has at least one solution u{x) which satisfies Vr^g < u{x) < vo{x). 

To prove the uniqueness, we assume that ui{x) and '^2(3;) are any two solutions of problem 
(1.1). It is obvious that for 6 > small enough, we have 

ui{x) > bu2{x), X E ^. 

Let 

bo = sup{6| ui{x) > bu2{x), x G O}. 

Then 

ui{x) > boU2{x), X Eil. 
and there exists at least one point xq E such that 

ui(xo) = 6o'"2(a;o), x eQ. (2.1) 

If 60 < 1; then vq = bQU2{x) satisfies 

— At^o = —boAu2{x) = bouKx) < bQuHx) = Vq. 

Let w = ui{x) — vo{x), then w{x) satisfies 

f -Ak; > ul{x) - v^{x) > 0, xen, 
\ w = 0, xedn. 

It follows from the strong maximum principle that w{x) > 0, x E CI. Hence 

ui(x) > boU2{x), X G O. 

This contradicts (2.1). Thus wc must have 60 ^ 1 and 

ui{x) > U2{x), for X eQ,. 
Changing the position of ui{x) and ^2(0;), a similar argument implies that 

""2(3^) > ui{x), for X E Q. 

Consequently, 

ui{x) = U2{x), for X E CI. 
This means that problem (1.1) has only one solution. 
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3 Chiti Type Comparison Result 



Let $7 be a bounded domain in i?", and || • denote the norm of space L^+^(r2). We 

define 

Unyjn' ■ ^l^^+Mn) = !•} 
It is easy to prove that Sq{^) can be achieved by an unique positive function v{x). 



SJn) = inf { / iVvfdx 
Moreover, v{x) satisfies 



-Av{x) = Sq{n)v'i{x), xen, 

v{x)>o, xen, , . 

v{x) =0, xe dn, ^ ^ 

J^vi+\x)dx = l. 

In this section, we prove a Chiti type comparison result for problem (3.1). To this end, 
we need some lemmas first. 

Lemma 3.1. For any A > and A ^ Sq{U), the following problem has no solution 

-Af{x) = Xfi{x), xen, 

fix) > 0, xei^, , . 

fix) = 0, xe dn, ^ ' 

J^fi+\x)dx = l. 

Proof. We prove Lemma 3.1 by contradiction. Assume that problem (3.2) has a solution 

/ao for some Aq > and Aq ^ 5'g(J7). Then, it is easy to check that / = Aq"^ /aq is a solution 
of problem (1.1) which satisfies 



[ f'i+\x)d. 



2+1 
X = \^ . 



On the other hand, if we denote by v{x) the minimizer of Sq{Cl), then v = Sg ^ {Q,)v{x) is 
also a solution of problem (1.1) which satisfies 



/ vi+\x)dx = Spin). 

Jci 



It is obvious that v ^ f due to Aq / Sq{n). Hence problem (1.1) has at least two solutions 
V and /. This contradicts Proposition 2.9. 

Lemma 3.2. Sqin) > Sq{n*) with equality if and only if 17 is a ball. 

Proof. Let vix) be the minimizer of Sqin) and v*ix) be its Schwartz symmetrization. 
Then by Proposition 2.3 and Proposition 2.7, we have 



/ \Vv\'^dx > [ \Vv*\'^dx, 

[ vi+\x)dx= [ ivy+\x)d 
Jci Jci* 



'x = 1. 
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Hence, by the definition of Sq{Q*), we have 

Sq{n*)< I \Vv*\^dx< [ \Vv\^dx = Sq{^). 
Jn* Jn 

If 5^(0*) = Sq{'n), then J^, \'Vv*\'^dx = \'Vv\'^dx. Hence, by Proposition 2.7, we know 
that O is a ball. 



Let (T3 = jj^_^2'^n-2)q ' ^hcn the following lemma holds 
Lemma 3.3. Let v{x) be the minimizer of Sq{Q*) and r^. 



Sg{n) 



R*. Then 



Sq{BrM) = Sqin) and the minimizer of Sq{BrM) is ^iv) = (^j'^'^l^f^) V 
Proof. Since v{x) is the minimizer of Sq{^*), v{x) satisfies 

-Av{x) = Sq{n*)vi{x), X e n*, 



v{x) > 0, 
v{x) = 0, 

J^, v^+\x)dx = l. 
Let x = ^y and H{y) = v{^y). Then 



x G Q*, 

X G dn*, 



Hence 



Noting that 



dH _ R* dv 

dyi r* dxi' 
d'^H _ ,R*2d'^v 
dyf r* 9a;? ' 



-AH{y) = -{—fAv = {—fSq{n*)H'^iy), y G S,.(0). 



/ vi+\x)dx = (— / Hi+\y)dy 
J a* r* Jb^^ (0) 



L 



B„(0) 



(0) 

R* « 
{—)—'H{y) 



9+1 



dy, 



if we let z{y) = = then satisfies 

1 



-Az{y) = (f ) Sg{n*)z%y), y G 5,,(0), 

z{y)>0, y€Br,{0), 
ziy) = 0, yedBrM, 



Hence, by Lemma 3.1, we have 

Sq{BrM) 



R* 



Sqin*) = Sq{n). 
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n 

and the minimizer of Sq{Br^(0)) is z{y) = yjpj ''^^ '"{^v)- This completes the proof of 
Lemma 3.3. 

By Lemma 3.2 and the definition of r*, we have -6^.^(0) C with equahty if and only if 
is a ball. Let M = |r2| and = \Br, (0)|, then M* < M. The main result of this section 
is the following Chiti type comparison result. 

Theorem 3.4. Let v{x) be the minimizer of Sq{il.) and z{x) be the minimizer of 
Sq{Br,{0)). If we denote by v*{s) the decreasing rearrangement of v{x), and z*{s) the 
decreasing rearrangement of z{x), then there exists an unique point sq G (0, M*) such that 

z*{s) > u*{s) for s G [0, sq) 

z*{s) < u*{s) for s G (so, M*]. 
Proof. Since u{x) is the minimizer of Sq{Q), it is easy to see that u{x) satisfies 



-Au{x) = Sq{n)ui{y), xefl, 
u{x) > 0, X G ri, 

u{x) = 0, X e dQ. 

From this, we can prove that the decreasing rearrangement u*{s) of u{x) satisfies 

rJll*(<i^ ~2 2(n-l) 

_a«_^ < Sq{n)n-^cjn^ s-^^ / {u*y{t)dt a.e. in [0, M], 

as Jo 

In fact, integrating the first equation in (3.3) over Q,t = {x € 0, \ u{x) > t}, we have 



-L 



Since dQt = {x G 

Omega \ u{x) = t}, we have 



Noting that 



[ ^ds=[ \Vu\ds. 

JdUt OV JdQ.t 



Jilt 



u'^dx. 



\Vu\ds 



ds 
'ant |Vtx| 



> \dnt\\ 



It follows from the isoperimetric inequality 

ds 



I \Vu\ds 
JdClt 

By Co-area formula, we have 
Consequently, 



dx 



+ 00 



ds 



dii{t) 
dt 



-L 



t J ant |Vn| 



ds 



ant IV-ul' 



(3.3) 



(3.4) 



(3.5) 



(3.6) 



(3.7) 



(3.8) 
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Prom (3.5), (3.6), (3.7) and (3.8), we obtain 

n^ufl{ix{t))—^ 



Since C Jl, we have 

r r\^t\ rt^'yt) 

/ u'idx< / {ui)*{T)dT= / (u*(T))«dr. 
Jcit Jo Jo 

Combing (3.9) with (3.10), we obtain 



(3.9) 



(3.10) 



1 n ^ 2(n-l) rKt) 

< Sg{n)n-^cun- (/i(t))- n / {u*iT)ydT. 

Jo 



Noticing that u*{s) is essentially an inverse of /u(t), we have 

J < bq{U)n UJn S ri I [u y(T))dT. 

as Jo 

This is just the desired conclusion of (3.4). 

Since Sq{Br^{0)) = Sq{^), the minimizer z{x) of Sq{Br^{0)) satisfies 

-Az{x) = Sq{n)z1{x), xeBrM, 

z{x)>0, xeBr,{0), 
z{x) = 0, xedBr,{0). 



(3.11) 



Noticing that uniqueness result valid for (3.11), it is trivial to see that z is radial symmetry. 
That is z{x) = z{\x\). Moreover, as a function of s = Wnla^l"", z{s) is decreasing. Hence, by 
making use of (3.11), Proposition 2.4 and Proposition 2.5, a similar argument to that used 
to derive (3.4) implies that 



dz*{s) 
ds 



= Sq{^)n-'^ujrr s-^^ [\z*y{t)dt a.e. in [0, M*], (3.12) 

Jo 

Now, Theorem 3.3 can be proved by making use of (3.4) and (3.12). To this end, we first 
note that there exists at least one point sq G (0, M*) such that u*{sq) = z*{so) because of 

/ ui+\x)dx= / iuy+\s)ds = l= / {z*{s)y+Us= / z^+\x)dx. 

J CI Jo Jo ^Br,(0) 

Next, we prove that there exists only one point sq € (0, M*) such that u*{so) = z*{so). 
Otherwise, there would exist at least two points si, S2 G (0, M*) such that 

U*{si) = Z*{si), U*{S2) = Z*{S2). 

This would imply that there exists an interval [si, S2] C [0, M*) such that 

1 ti*(si) = z*{si), i = l, 2; 
I u*{s) > z*{s), s e {si, S2). 



Let 



f z*{s), if J^{n*{T)rdT < J^{z*{T))^dT, s e [0, si]; 

U*{S), if J^iu*{T)ydT > J^iz*{T)ydT, S G [0, S,]- 

u*{s), s e [si, S2]; 

_ Z*{s), S e [S2, M*]. 
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Then, it is easy to verify that w{s) satisfies 



Define 



-^<S,{n)n-^ujn"s 
w{s) > 0, 
w{M^) = 0, 

, lkllL9+i(0, M») > 1- 

ri{x) = 



1 2(ra-l) 



Jq w''it)dt, a.e. in [0, 

s e (0, M*), 



(3.13) 



w{LOn\x\"') 



|w(a;„|x|")||g+i(B,^ (0))' 



Then, r]{x) € Wq' '^{Br^{0)) and ||??(a;)||g+i(B,., (o)) = 1- Since 77(0;) is obviously not the 
minimizer of Sq{Br,{0)), we have 

S,{n) = S,{BrM) < I \Vr^{x)\^dx. 

J Br, (0) 



Since 



Br,(0) 



2 rMt, , 

|V77(x)pda; = ri^oj^ / Ir? (s)| 
Jo 



2 2(n-l) 

s n as 



and 



2 /-M, 



g+l(S,,(0)) 



2 2 - f^* ' ' 2(to-1 

w {s)\ s n ds = n ujn I {—w {s)){—w {s))s " 

^0 

rM, 



2(n-l) 



(s)| s 1 ds. 



< Sq{n) / {-W (S)) / w'^{T)dTds 

Jo Jo 



= ^.(J]) / w'^+'is)ds 
Jo 

= Sq{BrM)\H\llliBr 



(0)) 



We have 



J Br, (0) 



(0))- 



Thus 



Sq{BrM) < / _ |Vr?(x)pdx < Sq{BrM)\\Hl';\<BrAo)y 

•'Br, (0) 

Noticing that ||w||g+i(_Br, (0)) — 1 g — 1 < 0, we obtain 

5,(5,^(0)) < 5,(5,, (0)). 

This is a contradiction. 

Hence, there exists only one point sq G (0, M*) such that 2;*(so) = u*{sq) and this implies 
that 

z*{s) > u*{s), for s € (0, sq)), 
2;*(s) < u*{s), for s G (sq, M*). 
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So, we complete the proof of Theorem 3.3. 

Corollary 3.4. Let u{x) be the minimizer of Sq{Cl) and z{x) be the minimizer of 
Sq{Br,{0)). Then for any > g + 1, there holds 



/ u'^dx < / z''{x)dx. 



.(0) 

It follows that 

supu(a;) < sup z{x). 

x&Q xeBr^ (0) 

Moreover, the equality holds in the above two inequalities if and only if J7 is a ball. 
Proof. By the proposition of rearrangement, we have 

rM rM, 



/ iu*y+\s)ds = 1 = / {z*{s)y+^ds. 

Jo Jo 



Hence 

/ {uy+\s)ds< / {z*is)y+^ds. 
Jo Jo 

Let So be the point in (0, M*) determined in Theorem 3.3. Then 

y {u*Y^^{s)ds - J {zy+\s)ds < J (^{zy+^ - {u*y+^) {s)ds. 

Since u*{s) > z*{s) for any s G [so, M^]- It follows that for any s G [sq; M^], there holds 



'so 

Consequently, 



_ {z*y+^) {s)ds < j'J ({z*y^^ - {u*f+^) {s)ds 



(\u*Y+^{T)dT < (\z*Y+^{T)dT for any s G (0, M^). 
Jo Jo 

By the definition of z*{s), we have z*{s) = for s > M*). Hence 

f\u*y+\T)dT < r{z*y+\T)dT for any s G (0, M). 
Jo Jo 

From this and Proposition 2.8, we have 

rM rM, 



Noticing that 



/ {u*)''{s)ds< / {z*)''{s)ds. 
Jo Jo 

f I'M 

/ v!'{x)dx= / {u*f{s)ds, 
Jn Jo 

r rMt 

/ z\x)dx= / iz*)''{s)ds. 

J Br, (0) Jo 



We obtain 



/ vl'{x)dx < / z^{x)dx 

J a J Br, (0)) 

for any k> q + 1. This completes the proof of Corollary 3.4. 
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4 Proofs of Theorem 1.1, Corollary 1.2 and Corollary 1.3 



In this section, we prove Theorem 1.1, Corollary 1.2 and Corollary 1.3. For simplicity, we 
always use the notations ai , (72 and introduced in section 1 and section 3 in this section. 

Proof of Theorem 1.1. Let u{x) be the solution of problem (1.1). Then v{x) = 
satisfies 

ll'*llL9+i(n) 

-Av{x) = WufjTgli^^^viix), X en, 
v{x) > 0, X E n, 

v{x) = 0, X E dU, 

J^vi+\x)dx = l. 

Hence, by Lemma 3.1, we have Sq{Cl) = and the minimizer of Sq{Cl) is v{x). 

Similarly, if h{x) is the unique solution of problem (1.5). Then Sq{'D,*) = and 



the minimizer of Sq{n*) is 



h{x) 



L9+i(n*) 



By the definition of r* , we have 



ll"llM+i(r!) 



we know that the minimizer of Sq{Br^{0)) is 

zix) -- 



(9-1)0-3 



R*. Moreover, by Lemma 3.3, 



E*\^i K^x) 



lL9+i(n*) 

Applying Corollary 3.4 to v{x) and z{x), we have, for any k > q + 1, that 

ifc 



/ u^{x)dx < 



lL'?+i(n) 



L'?+i(a*) -^-Br, (0) \ 

I I I J, Ttfc 



R*\iTT , R* 
— h'^i — x)dx 



\h\\k 



h^{x)dx 



Since 



We have 



R*\^' 



{k — q—l)n 

9+1 



ll'"llL9+i(n) 



(fc-9-l)(9-l)n 
n+2-(n-2)q 



/ u^{x)dx < 
Jn 



\u\ 



L9+i(n) 



L9+i(n*) 



^ (k-g-l)(l-q)n 
n+2-(n-2)q 



If we set 



then 



C{q,k,n*) = hl'{x)dx^ 
[ u\x)dx < Ciq,k,n*)\\u\\l\+, 



I h''{x)da 
Jn* 



L9+i(n*)' 



(n) 



and the equality holds if and only f2 is a ball. 
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If we set 



then we can obtain 



C{q,n*) = ess. sup h{x) / \\h\\ll+i,^,., 



ess.supu(a;) < C(g, 0*)||u||^2,+w5^^. 

and the equaUty holds if and only if r2 is a ball. This completes the proof of Theorem 1.1. 

Proof of Corollary 1.2. Following the argument of theorem 1.1, we know that for any 
A; > g + 1, 



v^{x)dx < 



\u\ 



L9+i(n*) 



\h\ 



L9+i(f7*) 



(k-q-l)(l-q)n 
n+2-{n-2)q 



h''{x)dx. (4.1) 



Since Sq{n) = \\u\\%li^^^ and 5^(0*) 



L+i(a*)' we have 



/ v!'{x)d: 

Jci 



\x < 



(k-q-l)(l-q)n 
n+2-(n-2)g 



Noting that < g < 1, it follows from Lemma 3.2 that 



/ h''{x)dx. 
Jn* 



(4.2) 



n 



v!'{x)dx < / h^{x)dx. 



Consequently 



maxufx) < max/i(x). 

Moreover, the equality in the above two inequalities holds if and only if Q itself is a ball. 
This completes the proof of Corollary 1.2. 

Proof of Corollary 1.3. Let G{x,y) denote the Green's function related to the Laplace 
operator on 0*. Then Green's formula implies that the solution of problem (1.6) can be 
represented as 

h{x)= [ G{x,y)h'i{y)dy. 

Hence 



max/i(x) < maxh'^(x) x max / G(x,v)dv < 
Consequently 



max h(x] 
xGn* ' 



X max 



\ / G{x,y)dy. 

* Jn* 



maxhix) < 
xen ~ 



max / G{x,y)dy 



1 

1-9 



Let j{x) = /j^t G{x,y)dy. Then it is easy to verify that 7(0;) satisfies 

( -A7 =1 mn* 
I 7 = on dn*. 



(4.3) 
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Hence, an easy computation tells that 7(x) 
Thus we have 



|n*| 



a;„(2n)^ 



Tj^lxl^ andmax7(x) 



\n\ 



maxh(x) < 



max7(x) 



1 

1-q 



w„(2n) 2 



(l-q)r, 



Now, the conclusion of Corollary 1.3 follows from Corollary 1.2. This completes the proof of 
Corollary 1.3. 
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